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Abstract. The two-parametric quantum superalgebig,[g/(2/1)] is consistently defined. A
construction procedure for induced representationg/pf[¢/(2/1)] is described and allows

us to construct explicitly all (typical and non-typical) finite-dimensional representations of this
quantum superalgebra. In spite of some specific features, the present approach is similar to a
previously developed method which, as shown here, is applicable not only to the one-parametric
quantum deformations but also to the multi-parametric ones.

1. Introduction

In [1], we suggested a method for explicit constructions of representations of the one-
parametric quantum superalgebtag g/ (m/n)]. When applied td/,[g![(2/2)], this method
allowed us to construct explicitly all (typical [1] and non-typical [2]) finite-dimensional
representations of the latter quantum superalgebra. Certainly, as emphasized in [1] and [2],
our method is also applicable for other quantum superalgebras and we could construct their
representations in a similar way. In particular, we can apply the method to, for example,
multi-parametric quantum superalgebras [3—6], etc. The multi-parametric deformations were
introduced in [7] and since considered by a number of authors from different points of view
(see, for example, [3—15]). However, in spite of progress in several aspects (e.g., group-
space structures, differential calculus, exponential maps, etc) representation theory is only
well developed for a few simple cases likg ,[su(2)] (see for example [8])U, ,[s1(2/1)]

[6], etc. Here, in order to show once again the usefulness of the above-mentioned method
we consider, as a further example, the two-parametric quantum superalgghig (2/1)]

which, although it resembles the one-parametric quantum superal@ghyd gl (2/1)],

cannot be identified with the latter. In this paper we suppose thatbatidg are generic,

i.e. not roots of unity. Following the approach of [1] we can construct direct and explicit
representations of the quantum superalgeliyg[g/(2/1)] induced from some (usually,
irreducible) finite-dimensional representations of the even subaldébrfe!(2) & g/ (1)].

Since the latter is a stability subalgebraldf,[g/(2/1)] we expect the constructed induced
representations otU, ,[gl(2/1)] to be decomposed into finite-dimensional irreducible
representations ¥, ,[g/(2) ® gl(1)]. For this purpose we shall introducelg ,[g/(2/1)]
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basis (i.e. a basis within &, ,[¢/(2/1)] module or briefly a basis o¥/, ,[¢!(2/1)]) which
will be convenient for us in investigating the module structure. This basis (see (3.10)) can
be expressed in terms of some basis of the even subalgghyig!(2) ® gi(1)] which in
turn represents a (tensor) product betwedn, g[g!(2)] basis and gl(1) factor. It will be
shown that the finite-dimensional representation&/pf[g/(2)], i.e. of U, ,[gl(2) ® gl (1)],
can be realized in the Gel'fand-ZetlicZ) basis. The finite-dimensional representations
of U, 4[gl(2/1)] constructed are irreducible and can be decomposed into finite-dimensional
irreducible representations of the subalgeba, [g!(2) & gl (1)].

In section 2 we shall define the quantum superalgdlisg[gl/(2/1)] and consider
how to construct its representations induced from representations of the subalgebra
U, 4[81(2) @ gl(1)]. Finite-dimensional representations bf, ,[¢/(2/1)] are constructed
in section 3 where the above-mentioned appropriate basis is described. The conclusion and
some comments are given in section 4.

Throughout the paper we shall frequently use the following notation:

- —p"
XI=[xlpg ="+ (1.1)
P g —pt
for quantum deformations of which are operators or numbers,
[X,Y], :=XY —r¥YX (1.2)

for r-deformed commutators between two operatérandY and
[m] (1.3)

for the highest weights (signatures) of the Gel'fand—Zetlin basis ve¢torsWe hope that
this notation will not confuse the reader.

2. Up 4lgl(2/1)] and its induced representations

The two-parametric quantum superalgebtg,[¢/(2/1)] is consistently defined through the

generatorsEy,, Eo1, Ezs, Esz, Eii, i =1, 2,3, andL satisfying
(i) the super-commutation relations €i,i + 1, j, j + 1 < 3):

[Ei, E;;1=0 (2.18)

[Eii, Ej ji1] = (8ij — 8ij+DEj j11 (2.1b)

[Eii, Ejr1,j] = i jy1— 8ij))Ejs1j (2.1

[L’ E12] = [Lv E21] = [L’ Eii] = O (21d)

[E12, E3p] = [E21, E23] =0 (2.1¢)
q L—hy/2

[E12, Ex1] = (p) [A1] (2.1f)
q —hy)2

{E23, E32} = (p) [72] (2.19)

div1
h; = (Eii - dEi+l,i+l) (2.1n)

with di = dy, = —d3 = 1; and
(ii) the Serre relations:

Ef=E5L=0 [E12, Exg], =0 [E21, Eaa], =0 (2.2)
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where

E13:=[E12, E23]41 (2.39)
and

E31 = —[E2, E3]p1. (2.30)

are defined as new odd generators which, as we can show, have vanishing squares. Now
the extra Serre relations are not necessary, unlike in higher rank cases [1,2,16]. The
commutators between the maximal-spin operdtoand the odd generators take concrete
forms on concrete basis vectors.

These generatorg;;, i, j = 1, 2, 3, are two-parametric deformation analogues of the
Weyl generators;;

(eij)u = Sikdji i,j,k,1=1,23 (2.4)

of the classical (i.e. non-deformed) superalgefd(@/1) whose universal enveloping algebra
Ulgl(2/1)] is a classical limit ofU, ,[¢l(2/1)] when p, g — 1.
From the relations (2.1)—(2.3) we see that each of the odd sphces

A+ = Iin.env.{Elg, E23} (25)
A_ = |in.€‘nV.{E31, E3y) (2.6)
is, as always, a representation space of the even subalgghig/(2/1)o] = U, 4[g1(2) ®
gl(1)] which, generated by the generatdts,, E»1, L and E;, i = 1,2, 3, is a stability

subalgebra o, ,[g!(2/1)]. Therefore, we can construct representationg/pf[g/(2/1)]
induced from some (finite-dimensional irreducible) representatiorig, 9fg/(2/1)o] which
are realized in some representation spaces (modulgs) being tensor products of
Up.4[g1(2)] modulesVy,; andgl(1) modules (factorsyy.] . Following [1] we demand

EpnVi4=0 (2.7)
that is

Uy (A)VE? = 0. (2.8)
In such a way we turn the, ,[gl(2/1)] module V;? into aU, ,(B) module where

B=A, ®gl(2® gl1). (2.9)

TheU, ,[5/(2/1)] module W4 induced from theJ, ,[¢/(2/1)o] module V" is the factor
space

WPt = (U, ® Vg 1/171 (2.10)
where

Upg = Upqlgl(2/1)] (2.11)
while 774 is the subspace
1" =linenviub®v—u®bv|u € U,,,beU,,(B)CU,,ve Vi (2.12)

Using the above-given commutation relations (2.1)—(2.2) and the definitions (2.3) we
can prove the following analogue of the PoirteaBirkhoff-Witt theorem.

Proposition 1  The quantum deformatioti,, , := U, ,[g/(2/1)] is spanned on all possible
linear combinations of the elements

g = (E23)"(E13)"(E31)" (E32)" g0 (2.13)
wheren;, 6; = 0,1 andgg € U, 4[g1(2/1)0] = U, 4[51(2) ® gl(D)].
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Then we arrive at the next assertion:
Proposition 2 The inducedU, ,[g/(2/1)] module W?4 is the linear span
W4 ([m]) = lin.env{(Esn™(Es)” @ vljv e VI, 61,6, =0,1}  (2.14)
which is decomposed into (four, at most) finite-dimensional irreducible modyfes of
the even subalgebri, ,[g!(2/1)0]
wra(ml) = @ v (Imlo (2.15)
0<k<3
where ] and [n], are some signatures (highest weights) characterizing the module
Wr4 = Wr4([m]) and the module&”? = V¥ ([m]y), respectively.
As a consequence, for a basisWY-? we can take all the vectors of the form
|61, 62; (m)) := (E3)™(E32)?” ® (m) 61,0, =0,1 (2.16)
where (m) is a Gz, for example) basis itvy? = V;?([m]). We refer to this basis as the
inducedU, 4[gl(2/1)] basis (or simply, the induced basis) in order to distinguish it from

anotherU, ,[gl(2/1)] basis introduced later and called a reduced basis.
Any vectorw from the moduleW?-¢ can be represented as

w=u®v uely, ve V. (2.17)
ThenWn4 is aU, ,[gl(2/1)] module in the sense
gw=guv)=gu®uveWr (2.18)

forg,ueU,,, we Wr,?andv e V.

3. Finite-dimensional representations ofUp, 4[gl(2/1)]

We can show that finite-dimensional representationd/pf[g/(2/1)o] can be realized in
some spaces (moduleg)? spanned by the (tensor) products

miz mz_mp=my|_[lmlz, [ml
; = = = 3.1a
[ miy msy ] |: myy’ msy (M)g12) ® ma1 = (M) ( )

between thegz) basis vectorgm) ) of U, ,[¢1(2)] and thegl(1) factorsmzi, wherem;;
are complex numbers such that

mip —myy, M1y — Moz € Zy (3.1b)
and
m3p = ma3y. (3.1¢)

Indeed, any finite-dimensional representation of (not orly),[¢/(2)] is always highest
weight and if the generatots, E;;, i, j = 1, 2 and E33 are defined on (3.1) as follows

E1i(m); = (i + D(m)y

Ezp(m)y = (li2+ 22 — l11+ 2)(m)i

Eva(m)i = ([liz — lullla1 — L22))Y2(m); M

Exi(m)i = ([liz — ly + 1[l1 — Lo — 1DM2(m); M

L(m) = 3(h2 =l — ) (m)y

Eg3(m) = (Is1+ 1)(m)y (3.28)
lij =mij — (i —28;3) (3.20)
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where a vector(m),*'/ is obtained from(m) by replacingm;; with m;; £+ 1, they really
satisfy the commutation relations (2-%) for U, ,[g/(2/1)o]. The highest weight described
by the first row (signature)

[m]x = [m12, ma2, m3y] (3.3)

of the patterns (3.1) is nothing but an ordered set of the eigenvalues of the Cartan generators
E;;, i =1, 2,3, on the highest-weight vectéM ), defined as follows

Epp(M), =0 (3.4)
E;ij(M); = mj2(M)y (3.5)
The highest-weight vectaiM), can be obtained fronn), by settingmi; = m:
miz M2 m32 = may
M), = ; . 3.6
e e e 36)
A lower-weight vector(m), can be derivediice versafrom (M), by the formula
my1 — moo]! 12
(m) = ( as —maal! ) (E20)™2™" (M) (3.7)
[maz2 — m2]![m1z — maa]!
In particular, for the case = 0, instead of the above notation we omit the subscript 0, i.e.
(m)o = (m) [m]o = [m] (M)o = (M) (3.8)
putting
nip = m;3 i= 1, 2, 3 (39)

wherem;3 are some of the complex values mf,, therefore iz — mi1, myg — moz € Z.
We emphasize thatr{] and (M), because of (2.7), are also, respectively, the highest
weight and the highest-weight vector in tlg, ,[g/(2/1)] module W74 = W»4([m]).
Characterizing the latter module as the whoie] nd (M) are, respectively, referred to as
the global highest weight and the global highest-weight vector, whilg gnd (M), are,
respectively, the local highest weights and the local highest-weight vectors characterizing
only the submodule¥ 74 = V?49([m]y).

Following the arguments in [1], for an alternative with (2.16) basisiof? we can
choose the union of all the bases (3.1) which are denoted now by the patterns

M3 M2s ss miz Mz M3 = N3y

miz mpp mzp | = |: my O mag i| = (m)y (3.10)
mig 0 mardy k

where the first row fi] = [m13, m23, m33] is simultaneously the highest weight of the

submoduleV?4 = V74([m]) and the whole modul&/ 7?4 = W?-4([m]), while the second

row [m]x = [m12, moo, mao] is the local highest weight of som&, ,g![(2/1)o] module

v4 = v9(m]y) containing the considered vectén),. The basis (3.10) oW " is

called theU, ,[g/(2/1)] reduced basis or simply the reduced basis. The latter, as mentioned

before and shown later, is convenient for us in investigating the module structiive-of

Note once again that the condition

Mm3p = M3y (3.13)

has always to be fulfilled.
The highest-weight vectorg\),, now, in the notation (3.10), have the form

mi3 nm23 m33

(M) = |:m12 Mmoo m32i| (3.11)
miz 0 mady

as fork = 0 the notation given in (3.8) and (3.9) is also taken into account.
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Proposition 3 The highest-weight vectoreM), are expressed in terms of the induced
basis (2.16) as follows

(M)o = ao|0, 0; (M)) ap=1
(M)1 = a1|0, 1; (M)
(M)2 = a{|1,0, ; (M)) + ¢?[21]7V2|0, 1; (M) ™)}

(M)sz = as{|1, 1; (M)} (3.12)
whereq;, i =0, 1, 2, 3, are some numbers depending, in generalp@ndg, while [ is
1 = (myz — mpa). (3.1%)

Indeed, all the vector$M), given above satisfy the condition (3.4). From the formulae
(3.5) and (3.12) the highest weightg], can be easily identified
[m]o = [m13, m23, ms3]
[m]1 = [m13, moz — 1, maz + 1]
[m]2 = [m13 — 1, moz, maz + 1]
[m]3 = [m13, ma3, maz + 2]. (3.13)
Using the rule (3.7) we obtain all the basis vectors,:
miz m23 M3z
(m)o= | miz mp3 ma3 | =10,0,; (m))
miy 0 mg3

miz M3 ma3
(m)1=|miz mp3—1 maz+1

miy 0 maz+ 1
[hs — L] \? 11 2y [la1 — L23] \?
— _ (= "4 1.0: + (l1—hg) ( L1 "2al 0.1
al{ ([21+1] 11,0, m)™=") +p 20+ 1] |0, 1; (m))
mi3 ma3 ms3
(m)2=| miz—1 mp mazz+1
miq 0 m33+1
hi3—l1—1 1/2
p [l11 — [23] > 11
=ax | — e 11,0; (m)™)
(G (Ma
1/2
ha—lz—1 lh1—hst+l [113 — lll] 0.1:
+q 4 ( 2] 10, 1; (m))
mi3 m23 ms3
(m)z=|miz—1 mp3—1 m3z+2|=azl 1 (m) (3.14)
mi1 0 m3a3 + 2

where/;; and! are given in (3.2) and (3.12), respectively. Here, we omit the subscript

k in the above patterns since there is no degeneration between them. Formulae (3.14), in
fact, represent the way in which the reduced basis (3.10) is written in terms of the induced
basis (2.16). From (3.14) we can derive the inverse relation

0,0; (m)) = (m)o = (m)
5 = — L h1—lp3—1 [113 — 1+ 1] 12 1
11,0; (m)) = a—lq <|:21+1] (m)l

b e (= = RIDY g
axp [21 + 1] 2
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[l11 — 23] >1/2 (m)1 + 1 (q)111—113+1 (113 — Lad[21])?
! az \ p [Zl + 1]

1
11, 1; (m)) = ?3(’”)5“' (3.15)

(m)2

1
oo =, (5

Now we are ready to compute all the matrix elements of the generators in the basis
(3.10). As we shall see, the latter basis allows a clear description of a decomposition of a
U,.4[gl(2/1)] module W”4 in irreducible U, ,[gl(2/1)o] modulesV*?. Since the finite-
dimensional representations of thg ,[g/(2/1)] in some basis are completely defined by
the actions of the even generators and the odd Weyl-Chevalley ibnieand E3; in the
same basis, it is sufficient to write down the matrix elements of these generators only. For
the even generators the matrix elements have already been given in (3.2), wihlg ford
E3, using the relations (2.1)—(2.3), (3.14) and (3.15) we have

Ey3(m) =0

lo3+133+3 I —1 1/2
Ez3(m)1 = a1 <2> <[[1211—i-ﬁ‘]> [l23 + 33 + 3](m)

lp3+l33+4 Iia—1 1/2
Ea3(m)2 = az <p> <[131ﬂ> [l13+ 33 + 3](m)
q [2/]

liztHas+l3z—l11+2 1 Jhia—1 1/2
E23(m)3 = as <§> { ([1311]) [l13 + I35 + 3](m)1

aig \ [20 +1]
1 I3+ I3z + 3

-l - 123][2l]>1/2“3[;f1+]] (m)z} (3.16)

and
1 ([l L\ 1 (p\* "™ (s — hal[21])Y?
E3p(m) = ” ([Zl 1] ) (m)1 + o () 21+ 1] (m)2
a1 ([ha— 1] \"?
E3x(m)1 = ;317 <[21+1]> (m)s3
ha-ln=1 sy g a\1/2

a2 (2) ()
E3(m)3 = 0. (3.160)

Proposition 4 The finite-dimensional representations (3.16) 0f, ,[g/(2/1)] are
irreducible and called typical if and only if the condition

[l13 + l33+ 3][l23 + 133+ 3] # 0 (3.17)
holds.
When this condition (3.17) is violated, i.e. one of the following condition pairs
[l13+133+3] =0 (3.1%)
and
[los+ 133+ 3] #0 (3.18)
or

[l13+133+3]#0 (3.1%)
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and
[los+133+3]=0 (3.1%)

(but not both (3.18) and (3.1%) simultaneously) holds, the modul&?¢ is no longer
irreducible but indecomposable. However, there exists an invariant subspac¥, ‘sayf
WP-4 such that the factor representation in the factor module

W]f,q = Wp'q/lkp’q (320)

is irreducible. We say that is a non-typical representation in a non-typical maufife
Then, as in [2], it is not difficult for us to prove the following assertions:

Proposition 5

|Z el Fo (3.21)
and

VoI = g. (3.22)

From (3.16)—(3.19) we can easily find all non-typical representatiori$,gfg/(2/1)]
which are classified into two classes.

3.1. Class 1 non-typical representations

This class is characterized by the conditions (3)1#8nd (3.18%) which, for genericp and
q, take the forms

liz+133+3=0 (3.1&)
and
l23—|—l33+3§é 0 (31&)

respectively. In other words, we have to replace everywheragalby —m;3— 1 and keep
(3.18y) valid. Thus we have

Proposition 6
P =yl g v, (3.23)
Then the class 1 non-typical representations in
Wt = W ([m13, maz, —miz — 1)) (3.24)

are given through (3.16) by keeping the conditions (3.18) (i.e. (3.B8d (3.18)) and
replacing all vectors belonging t§"¢ with 0:

Ex3(m) =0

Eya(m)y = (P>123_113([111—123]>1/2[l — I3)(m) (3.2%)

23(m)1 = a1 7 7[21_’_1] 23 — l13](m .
and

1 ([l — g \Y?
Esz(m)=al([[lzll+i]3]) (m)1

E3x(m)1 = 0. (3.2%)
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3.2. Class 2 non-typical representations
For this class non-typical representations we must keep the conditions
l1z+133+3+#0 (3.1%)
and
Ira+133+3=0 (3.1y)

derived, respectively, from (3.9 and (3.19) when the deformation parameterssand g
are generic. Equivalently, we have to replace everywhenmaalby —m,3 and keep (3.16)
valid.

Now the invariant subspacg”? is the following

Proposition 7

1 =vite v (3.26)
The class 2 non-typical representations in
Wi = W) (Imas, maa, —m2a]) (8.27)

are also given through (3.16) but by keeping the conditions (3.19) (i.e.xBat®l (3.19))
valid and replacing all vectors belonging to the invariant subspgteby 0:

Ex3(m) =0

p (s — L] \?
Ex(m)=a1~ | ~—~+— ) [2+1](m) (3.2&8)
q [2]

and

q [21 + 1]
Egz(m)z =0. (3283)

1 li3—l11-1 l1a—1 2] 1/2
Eap(m) = » (P) ([1a3 — 1al[21]) (m)a

In order to complete this section we emphasize that non-typical representations have
only been well investigated for a few cases of both classical and quantum superalgebras
(see, in this context, the conclusion in [2] and also some comments in [17]). Therefore, the
present results can be considered as a small step forward in this direction.

4. Conclusion

We have just defined the two-parametric quantum superalgébyg[gl(2/1)] and
constructed for generic deformation parameters all its typical and non-typical representations
leaving the coefficients;, i = 1, 2,3, as free parameters which can be fixed by some
additional conditions, for example, the Hermiticity condition. As an intermediate step
(which, however, is of independent interest) we also introduced the reduced basis (3.10)
which, as it is an extension of the Gel'fand—Zetlin basis to the present case, is appropriate
for a clear description of the decompostions ©f ,[g!/(2/1)] modules in irreducible
Up.4[8!(2/1)0] modules. Although the present approach has some specific features it is
similar to the one in [1]. This shows once again the usefulness of the method in [1]
which is thus applicable not only to one-parametric quantum deformations but also to
multi-parametric ones.
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As the general procedure has been given, the next step is to consider the case of
non-genericp andg or to construct representations of larger quantum superalgebras like
Upq4lgl(n/D)], U, 418l (n/m)], etc for both generic and non-generic deformation parameters.
Let us emphasize once again that our approach avoids the use of the Clebsch—Gordan
coefficients which are not always known, especially for higher-rank (classical and quantum)
algebras and multi-parametric deformations.
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